In this article, we analyze the fifth-order weighted essentially non-oscillatory(WENO-5) scheme and show that, at a transition point from smooth region to a discontinuity point or vice versa, the accuracy order of WENO-5 is decreased. A new method is proposed to overcome this drawback by introducing 4th-order fluxes combined with high order smoothness indicator. Numerical examples show that the new method is more accurate near discontinuities.
Introduction
The WENO scheme concept was firstly proposed by Liu et al [1] and then improved by Jiang and Shu [2] . WENO schemes are based on ENO (essentially non-oscillatory) schemes [3, 4] , but use a convex combination of all candidate stencils instead of the smoothest one in the ENO schemes. The WENO schemes achieve high order accuracy in smooth regions with more compact stencil and have better convergence due to the smoother numerical flux used. Jiang and Shu [2] analyze and modify the 5th order WENO scheme proposed by Liu et al [1] and suggest a new way of measuring the smoothness of a numerical solution. Thus a WENO scheme with the optimal (2r − 1)th order accuracy rather than (r + 1)th order is obtained. Henrick et al [5] pointed out that the original smoothness indicators of Jiang and Shu fail to improving the accuracy order of WENO scheme at a critical point, where the first derivatives is zero. A mapping function is proposed by Henrick et al [5] to obtain the optimal order near critical points. Borges et al [6] devised a new set of WENO weights that satisfies the necessary and sufficient conditions for fifth-order convergence proposed by Henrick et al [5] and enhances the accuracy at critical points. A class of higher than 5th order weighted essentially non-oscillatory schemes are designed by Balsara and Shu in [7] . Wang and Chen [8] proposed optimized WENO schemes for linear waves with discontinuity. Martin et al [9] proposed a symmetric WENO method by means of a new candidate stencil, the new schemes are 2rth-order accurate and symmetric, and less dissipative than Jiang and Shu's scheme.
The above mentioned WENO schemes are designed to have (2r −1)th or 2rth [9] order of accuracy in the smooth regions directly from rth ENO scheme. For a solution containing discontinuity, these methods can not obtain the optimal accuracy near the discontinuity points. Shen et al [10] indicate that the smoothness indicator IS k of Jiang and Shu's WENO scheme does not satisfy the condition β k = D(1 + O(∆x 2 )) at the critical point (f i = 0), and proposed a step-by-step reconstruction to avoid the strict condition.
In this article, the analysis of the fifth-order WENO(WENO-5) scheme indicates that, at a transition point from smooth region to a discontinuity point or vice versa, the accuracy order of WENO-5 is decreased. Fourth-order reconstructions are introduced and combined with the higher order smoothness indicators to overcome this drawback. Numerical examples show that this new method is more accurate near discontinuities.
Weighted essentially non-oscillatory schemes
For the hyperbolic conservation law in the form
the semi-discretization form can be written as
The fluxes of classical fifth-order WENO scheme are built through the convex combination of interpolated valuesf k (x i± 1 2 ),
in whichf k (x) is the third degree polynomial, defined aŝ
The weights ω k are defined as
The smoothness indicators β k are given by [2] 
Taylor expansion of (6) gives
Henrick et al [5] shown that if β k satisfy β k = D(1 + O(∆x s )), then the weights ω k satisfy ω k = d k + O(∆x s ), where D is some non-zero quantity independent of k. And the necessary and sufficient conditions for fifth-order convergence in (2) are given as [5] : 
If f i = 0, then Eq. (7) gives β k = D(1 + O(∆x)) and ω k = d k + O(∆x), this will degrade the convergence accuracy of the scheme. Shen et al [10] proposed a step-by-step reconstruction can reduce (10) as ω ± k −d k = O(∆x). Henrick et al [5] proposed a mapping function to increase the approximation of ω k to the ideal weights d k .
Borges et al [6] introduced the absolute difference between β 0 and β 2 to devise a new set of WENO weights that satisfies the necessary and sufficient conditions for fifth-order convergence. The new smoothness indicators β z k defined by Borges et al [6] are
and the new WENO weights ω z k are
where
If f i = 0, then Eq.(12) with q = 1 gives ω k − d k = O(∆x 3 ); if f i = 0, then (12) with q = 2 gives
The parameter ε is used to avoid the division by zero (ε = 10 −6 is used in [2] and ε = 10 −40 is used in [6] ) and p and q are chosen to increase the difference of scales of distinct weights at non-smooth parts of the solution. The coefficients c kj and d k are list in Table 1 .
The study of Borges et al [6] shows that the new smoothness indicators β z k have higher order accuracy than the original β k of Jiang and Shu's [2] , the resulted WENO scheme (WENO-Z) has less dissipation and higher resolution than Jiang and Shu's WENO (WENO-JS).
Fifth-order WENO schemes can capture shock wave and have fifth-order accuracy in smooth regions. However, because the WENO scheme is constructed directly from rth-order interpolation to (2r − 1)thorder, the accuracy is reduced at the transition point from smooth region to discontinuous point and vice versa. In order to demonstrate this conclusion, Fig. 1 is taken as an example.
and it is a smooth stencil, h (i−1)−1/2 is obtained by the process of WENO-Z or WENO-JS as a fifth-order flux.
However, for
There is a discontinuity at stencil
no matter whether WENO-Z or WENO-JS is used. For calculating the flux h (i−1)+1/2 , from Eq. (5) or (12) , it is easy to find
The case at point (i + 3) is similar to the point i − 1. S 5 (i+3)−1/2 contains a discontinuity at stencil
Let us look at a numerical example of a discontinuous function
consisting of a piecewise sine function with a jump discontinuity at x i = 0. The weights calculated by WENO-Z scheme (eq.(12)) is shown in Fig. 2 , it demonstrates the previous conclusion. For the flux
. Under the case of ∆x → 0, there are
and
Applying Taylor series expansion, there is
The accuracy of the downstream point (i + 3) can be analyzed similarly.
That is, at the points (continuous point) immediately upstream or downstream of a discontinuity, the fifth-order WENO scheme only gives third-order accuracy.
The New Method
In this section, a new method is proposed to overcome the drawback of WENO mentioned above. The method combines the idea of the step-by-step construction of a higher order WENO scheme [10] and the properties of τ 5 introduced by Borges etal [6] . For completeness, two important properties of τ 5 are listed here:
(1) If the stencil S 5 does not contain discontinuities, then τ 5 << β k for k = 0, 1, 2;
(2) if the solution is continuous at some of the stencil S 3 i , but discontinuous in the whole stencil S 5 , then β i << τ 5 .
The new method can be described using the sketch of Fig. 3 .
First, the stencils S 4 0 and S 4 1 are defined as
Following the definition of τ 5 in Ref. [6] , we define τ 0 4 and τ 1 4 as following,
τ 0 4 and τ 1 4 have the same properties as τ 5 , (1) If S 4 l (l = 0, 1) does not contain discontinuities, then τ l 4 << β l+k for k = 0, 1; (2) if the solution is continuous at S 3 l+i , but discontinuous in the whole S 4 l , then β l+i << τ l 4 . From the two properties, the following conclusions can be drawn:
Therefore, the new method is constructed as
Again, the point (i − 1) in Fig. 1 is taken as an example, S 4 20)). Hence, applying Taylor series expansion, there is
Compared with the accuracy of the original WENO-Z or WENO-JS scheme (Eq. (22)), the new method improves one accuracy order at the point right next to the discontinuity (i − 1). Table 2 gives the comparison of values and errors of WENO-Z scheme and the present method of firstorder derivative of f (x)(Eq. 19) near the discontinuity points. For this case, x i = 0 and the next point x i+1 are the discontinuity points. At points x i−1 and x i+3 , the present method is clearly more accurate than WENO-Z scheme.
Numerical Examples
In this paper, the 4th order Runge-Kutta-type method [11] is used for the time integration. 
Linear transport equation
The linear transport equation is used to test the accuracy of WENO schemes.
(1) Initial solution u 0 (x) = sin(2πx) Table 3 gives the errors and accuracy order. It can be seen that, for the smooth solution, the present scheme obtains the same results and accuracy order as the WENO-Z scheme.
(2) Initial solution Fig. 4 shows the numerical solutions at t = 10. It can be seen that, near the discontinuity, the present method obtains more accurate solution.
(3) Initial solution Fig. 5 shows the numerical solutions at t = 6. Again, it can be seen present method is more accurate.
(4) Initial solution 
As in Ref. [2] , the constants for this case are taken as a = 0.5, z = −0.7, δ = 0.005, α = 10, and β = log2/36δ 2 . The solution contains a smooth combination of Gaussians, a square wave, a sharp triangle wave, and a half ellipse.
The results at t = 8 with 200 grid points are shown in Fig. 6 . From the zoomed plots in Figure 7 , it can be seen that, present method can improve the accuracy not only near the discontinuities, but also for the peak of the half ellipse wave.
Nonlinear Transport Equation
The nonlinear transport equation can be written as
with initial and boundary conditions
The Lax-Friedrichs splitting method is used, in which f ± = 1 2 (f (u)±au), f (u) = 1 2 u 2 , and a = max u |f (u)|. Fig. 8 shows the results at t = 2 with grid number of N = 80. It can be seen that, near the shock, the solution calculated by the present scheme is closer to the discontinuous points than those of WENO-Z scheme.
1D Shock Wave Tube, Sod Problem
To examine the new scheme for nonlinear equations, the one-dimensional Euler equations are solved for the 1D shock tube problem. 
In this case, the Roe's Riemann solver is used. The grid points is N = 200. Fig. 9 give the density distribution. Both the WENO-Z and present schemes capture the shock very well. The present scheme improves the resolution near the discontinuities.
1D Shock Wave Tube, Shu-Osher Problem
This problem is governed by the one-dimensional Euler equations (34) with following initial condition: 
where, ε = 0.2. This case represents a Mach 3 shock wave interacting with a sine entropy wave [4] . The results at time t = 1.8 are plotted in Figs. 10. The "exact" solutions are the numerical solutions of the original WENO-5 scheme with grid points of N = 8000. For this case, it can be seen that the present WENO scheme resolves the profile better than the WENO-Z scheme.
Two-dimensional Linear Conservation Equation with Variable Coefficients
To test the multidimensional problems, the 2D linear conservation equation with variable coefficients is solved. The governing equation is
and the periodic boundary conditions are used. The initial condition is chosen as the characteristic function of a circle with radius 0.5 as shown in Fig. 11 . The problem represents a solid body rotation [12, 13] . The results at t = 2 in a 100 × 100 points grid are shown in Fig. 12 . Note that in Fig. 12 , the exact solution at x = −0.52 is u(−0.52, y) = 0. It can be seen that the present scheme obtains more accurate solution than the WENO-Z scheme, especially at the location x = −0.48 and x = −0.52.
Two-dimensional Shock Vortex Interaction
A two-dimensional shock vortex interaction problem is solved to further demonstrate the high resolution of the present scheme. The two-dimensional Euler equations are solved for this problem:
The problem is taken from Ref. [2] . It describes the interaction between a stationary shock and a vortex. The computational domain is taken to be [0, 2]×[0, 1]. A stationary Mach 1.1 shock is positioned at x = 0.5 and normal to the x-axis. Its left state is (ρ, u, v, p) = (1, 1.1 √ γ, 0, 1). A small vortex is superimposed to the flow on the left of the shock and is centered at (x c , y c ) = (0.25, 0.5). The vortex is described as a perturbation to the velocity (u, v), temperature (T = p/ρ), and entropy (S = ln(p/ρ γ )) of the mean flow and denoted by the tilde values:ũ = ετ e a(1−τ 2 ) sinθ v = −ετ e a(1−τ 2 ) cosθ
where τ = r/r c and r = (x − x c ) 2 + (y − y c ) 2 , ε indicates the strength of the vortex, a controls the decay rate of the vortex, and r c is the critical radius for which the vortex has the maximum strength. As in the Refs. [2, 14] , ε = 0.3, r c = 0.05, and a = 0.204 are adopted in this paper. The uniform grid of 251 × 101 is used. The time step is taken as follows [8] :
, δ y = ∆y max i,j (|v i,j | + c i,j ) (39) Fig. 13 is the pressure contours at t = 0.60. Figs. 14 and 15 are the comparisons of the pressure between the present and the original scheme along the center line at y = 0.5. In order to show the accuracy of the new scheme, the results obtained by the WENO-Z scheme with a mesh of 1001 × 401 is also given. With the same mesh density, the new scheme obtains more accurate results than the original scheme. Fig.  14 also shows that the new scheme has the sharper shock profile. Fig. 15 indicates that the new scheme achieves lower vortex core pressure due to lower numerical dissipation.
Conclusions
This paper has analyzed the reason that traditional weighted essentially non-oscillatory(WENO) scheme reduce it's accuracy near the discontinuities. The method combined the forth-order fluxes with higher order smoothness indicator is proposed to overcome this drawback. Numerical examples show that the new method is efficient.
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